This paper explores the attitude dynamics of a small rigid satellite acted upon by the gravitational field of two massive bodies. Attitude stability of the rigid satellite is studied when it is located near the collinear and triangular Lagrangian point. Lagrangian point satellites are typically placed in periodic orbits around the specified point. It is noted that resonant attitude motion can occur if the natural frequencies associated with the attitude motion and the frequency of the Lyapunov orbit satisfy certain relationship. Attitude motion of the satellite in a halo orbit is also studied.
I. Introduction
An extension of the CRTBP substitutes a rigid body for the point mass and considers its attitude dynamics. In our solar system many interesting objects, both natural and man-made, can be found near the different Lagnangian points. Several spacecraft have orbited around the Sun-Earth L 1 point and they include the ISEEE-3 and the Genesis solar sample collector. In the near future several new space telescopes are likely to orbit the Sun-Earth L 2 point. Further down the road, it is conceivable that a space station could be constructed near the Earth-Moon L 1 in order to facilitate future lunar explorations. Located near the L 4 and L 5 of the Sun-Jupiter system are Trojan asteroids, trapped there by the gravitational forces of the Sun and Jupiter.
Some previous works have explored the attitude dynamics of Lagrangian point satellites. Kane and Marsh 1 considered the attitude dynamics of an axial symmetric satellite that is spinning about its axis of symmetry, with the symmetry axis normal to the orbital plane of the primary bodies. Robinson 2, 3 first studied the attitude dynamics of a dumb-bell satellite located at a triangular Lagrangian point, and later investigated the attitude stability of a satellite of arbitrary shape located at either a collinear point or a triangular point and determined the regions of stability. Misra and Bellerose 4 studied the librational dynamics of a tethered satellite located at the Earth-Moon Lagrangian points and obtained the libration frequencies. In all of the previous studies the rigid body is assumed to be held at the
II. Problem Formulation
In this paper, the object of interest is a rigid satellite of mass m set in a Circular Restricted Three-Body Problem (Fig. 1) , replacing the infinitesimal mass in the classical setup. The dimensions of the satellite are negligibly small compared to the distance between the primary bodies. The two primary masses, M 1 
Figure 1: Geometry of the System
The orbital motion of the satellite is described using two sets of rotating coordinate axes. The primary frame [X Y Z] has its origin at O and the X-axis points from M 1 to M 2 . The Z-axis is perpendicular to the angular momentum vector of the primary bodies and the Y-axis completes the triad. Unit vectors along the X, Y, and Z axes are denoted by I, J, and K, respectively. The primary axes rotate about O with the angular rate of Ω, with
where G denotes the universal gravitational constant.
A secondary set of axes, [x y z], is located at the Lagrangian point of interest and is parallel to [X Y Z]. The unit vectors along x, y, and z axes are denoted by i, j, k, respectively. The primary frame and the secondary frame are related by
where (X L , Y L , 0) are the coordinates of the Lagrangian point of interest in the primary frame. The position vectors of the center of mass of the satellite, relative to the Lagrangian point, M 1 , and M 2 , respectively, can be written as As the satellite is assumed to have dimensions much smaller than D, its orbital motions are decoupled from its attitude motions. Therefore the satellite's displacements from the Lagrangian point, x p , y p , and z p can be assumed to be prescribed.
III. Equations of Motion
The rotations of a rigid body about the body principal axes are governed by a set of Euler's equations. At the Lagrangian points, the dominant forces acting on the body are the gravitational forces from the primary bodies. All other forces, such as solar radiation torque, can be treated as perturbations. The moment of inertia of the rigid body about the x B , y B , and z B axes are denoted by J xx , J yy , and J zz , respectively. The Euler's equations with applied torques can be written as
where ω x , ω y , and ω z are the components of the angular velocity of the rigid body in the body frame, and T x , T y , and T z the gravitational gradient torques. The gravitational force from the i th primary mass (i = 1..2) acting on a mass element dm of the rigid body is ( )
where R i is the position vector from the i th primary mass to the center of mass of the rigid body and r is the position vector from the center of mass of the body to the mass element dm. Therefore the gravity gradient torque about the rigid body's center of mass due to M i is
Expanding the term 1/| R i +r | 3 with a first order binomial expansion and writing the vectors R i and r in the body frame, the gravity gradient torque can be expressed as where R i = |R i |. As working with a set of non-dimensional equations is more convenient, a set of dimensionless quantities are defined as follows:
The non-dimensional gravitational gradient torques are
with ixB û , iyB û , and izB û the components of the unit vector along R i , expressed in the body frame
with the positive sign for i = 1 and the negative sign for i = 2. Combining all the terms, the non-dimensional Euler's equations are
Where prime denotes differentiation with respect to non-dimensional time τ. The kinematic differential equations of a rigid body orbiting around O is The Euler's equations and the kinematic differential equations together give six equations for six state variables (ω x , ω y, ω z, θ, φ, ψ). Equations (22)- (24) and Eq.(26) are solved together to obtain the complete rotational dynamics of the rigid satellite.
Families of semi-stable periodic orbits exist around each collinear point and Lagrangian point satellites are usually placed in them for station-keeping purposes. Various strategies are employed to maintain the periodic orbits and they are outside the scope of this paper. If the size of the station-keeping orbit is relatively small compared to D, first order terms are sufficient to describe the trajectory of the satellite which is assumed to be the case here. The reference trajectory 5 chosen here is 
IV: Attitude Stability near the Collinear Points

A. Linearized equations
The attitude stability of the rigid body located near the L 1 and L 2 points is studied using a set of linearized equations. It can be seen from Eqs. 
Where k 1 , k 2 and k 3 are the inertia ratios defined below:
Their values are bounded as |k s | ≤ 1 for s = 1, 2, 3. The constants B and C are functions of the mass ratio of the primary bodies and the location of the Lagrangian point, such that 
with ω pitch being the pitch frequency and ω 1 and ω 2 two the roll-yaw frequencies.
B. Attitude stability at the Sun-Earth L 2
The attitude stability of a rigid body at L 2 is covered by 
The stability conditions can be summarized on a linear stability chart. A rigid body belonging in the stable Lagrange region in the first quadrant must have their inertias arranged as J zz > J yy > J xx . In the Debra-Delp-like region in the third quadrant, the range of permissible inertia ratios is more limited. Bodies belong that region have their inertia arranged as J yy > J xx > J zz . These are identical to those for a geocentric satellite.
C. Attitude Motions of a Satellite in Lyapunov orbit
Usually a Lagrangian point satellite is placed in a periodic orbit for station-keeping purposes. Substituting Eqs. (27)- (29) into Eqs. (16)- (18), it can be seen that the gravity gradient torques are now functions of the amplitudes and frequencies of the periodic orbit as well as body shape and orientation. The effects of satellite center of mass motions on its attitude are studied here for two types of reference orbit: the Lyapunov orbit and the halo orbit.
A Lyapunov orbit around a Lagrangian point is a periodic orbit in the plane of the primary bodies. For small orbit sizes, the orbital motions of the satellite can be described by Eqs. Consider a satellite having J xx = 7.083, J yy = 11.333 and J zz = 12.417, corresponding to a rectangular prism with dimensions a, b, and c along the x B , y B and z B axis. It can be seen that this satellite belongs in the Lagrange region on the stability chart. Figure 2 shows the yaw, roll, and pitch angles for the satellite as it travels in Lyapunov orbits around the Sun-Earth L 2 with A x equal to 1000 km, 50,000 km or 100,000 km. The initial displacements of all three angles are 5 degrees. The natural frequencies of the prism are calculated from Eqs. (35)-(37) and they are ω 1 = 0.387, ω 2 = 2.548 and ω pitch = 2.011. It can be seen that while the amplitude of the yaw, roll and pitch angles are amplified for larger orbits, they all remain bounded (Fig.2) . The maximum yaw, roll and pitch angles for the A x = 100,000 km orbit are 
D. Resonant Motion of the Satellite in Lyapunov Orbit
The natural frequencies of the rotations depend on the inertia ratios of the satellite. Critical values of k 1 , k 2 , and k 3 can trigger large amplitude rotations while the satellite is in a Lyapunov orbit and the critical values can be found by analyzing the linear attitude equations. It can be seen that the amplitude of θ(τ) grows to infinity if k 3 approaches w xy 2 /3B. It should be noted that this pitch resonance condition is independent of the size of the Lyapunov orbit. At the Sun-Earth L 2 , k 3critical ≈ 0.3579 as B and w xy are 3.94 and 2.057, respectively. To put these numbers in perspective, consider the case of a solar panel lost during the construction of a L 2 space station. The panel can be idealized as a thin plate, with dimensions a and b along the x B and y B axes, respectively. If b is unit length, then pitch resonance occurs when a = 1.4542b. Another arrangement is if a is unit length then pitch resonance is encountered when b = 0.6876a. The pitch dynamics of satellites with critical and non-critical k 3 are shown in Fig. 3 for a flat plate that is traveling in an A x = 70,000 km Lyapunov orbit around the Sun-Earth L 2 . The dimensions of the pate are a = 1 meter, b = 1.4542 meters for the resonance case, and a = 1 meter, b = 2 meters for the non-resonance case. As the amplitude of the pitch oscillations grows with the size of the orbit, the resonance effect is much greater at the larger orbits. 
Equation (43) can be plotted on the linear stability chart adding an additional restriction on the configuration of the satellite. An example can be seen in Fig. 4 . The linear stability graph for the Sun-Earth L 2 point summarized the rollyaw stability conditions given by Eqs. (39)- (41) as well as the pitch stability requirement J yy > J xx . The stable regions are shaded and they are the Lagrangian region in the first quadrant and the Debra-Delp-like region in the third quadrant. The resonance curve can be found in the Lagrange region and extends upward into the unstable regions. At other Lagrangian points the constants B and w xy takes on different values, resulting in different natural frequencies and resonance curve.
The long period of the roll and yaw motions combine with the slow growth of the amplitudes at resonance mean that roll-yaw resonance should not a problem encountered on short term missions.
E. Attitude Motions of the Satellite in Halo Orbits
The Euler's equations, Eqs. (22)- (24), and the kinematic equation Eq.(26) are solved for the case when a satellite is occupying a halo orbit, given by Eqs.(27)-(29). It is found that bodies that have stable configurations in Lyapunov orbits are less stable about the yaw axis when they are placed in a halo orbit. Figure 5 shows the three rotation angles of a satellite with J xx = 7.083, J yy = 11.333, and J zz = 12.417 that is occupying halo orbits with A x equal to 10,000 km, 30,000 km, or 50,000 km around the Sun-Earth L 2 . The initial angular displacements are five degrees for all three rotations. It can be seen that bigger halo orbits lead to larger yaw, roll, and pitch angles. The maximum yaw, roll, and pitch angles for the A x = 10,000 km orbit are max ψ =11.36º, max φ =7.48º and max θ =18.15º, respectively, while in the A x = 30,000 km orbit the maximum amplitudes are max ψ =25.08º, max φ =13.80º, and max θ =31.96º. At the A x = 50,000 km orbit, the yaw rotations become unstable while the other roll and pitch remain bounded. For large halo orbits, the yaw stability can be restored by changing the shape of the satellite. From running a large number of numerical simulations, it has been observed that if the satellite is configured such that J xx = p, J yy = 3.29p, and J zz = 3.3p, where p is an arbitrary constant, the yaw rotations can be bounded. Figure 6 compares the attitude angles of the satellite previously shown in Fig. 5 to that of a satellite with stable configurations (J xx = 1, J yy = 3.29, J zz = 3.3). Both satellites are traveling in an A x = 50,000 km halo orbit. With the stable configuration, the maximum yaw, roll, and pitch angles are max ψ =13.77º, max φ =15.19º, and max θ =23.76º respectively. The natural frequencies of the stable satellite are ω 1 = 0.098, ω 2 = 3.043 and ω pitch = 2.864. It is unclear why the stable configuration works at this time and the attitude stability of rigid bodies in large halo orbits is a topic for further research. 
Setting tan2θ E = m a and the coefficients L and M are 
with ω pitch the pitch frequency and ω 1 and ω 2 the roll-yaw frequencies. For the same rigid body, two different sets of natural frequencies are possible depending on the equilibrium configuration of the body. 
Therefore the stability conditions at the L 4 point are ( ) ( )
In addition, the pitch motions are stable if
In the Sun-Earth system, β = 3.04x10 -6 and the two of the equilibrium pitch angles at L 4 are θ 1E = -29.99º and θ 2E = 60.00008º. The coefficients of the linear equations of motion near the first and second equilibrium position are
The stability conditions can be represented by curves in a stability diagram. In addition, pitch stability near θ E can be determined by k 3 . Figures 8a and 8b illustrates the regions of stability near the first and second equilibrium configuration. The shaded regions I and II Fig. 8a represent the stable regions near the first equilibrium, whereas regions III and IV in Fig. 8b represent the stable regions near the second equilibrium. It can be seen that pitch stability near θ 1E requires k 3 < 0, which implies k 1 > k 2 , while the opposite is true near θ 2E and the collinear cases. Region I represents bodies with J zz > J xx > J yy , while bodies in the much smaller region II must have J xx > J yy > J zz . It is interesting to note that regions III and IV are mirrored about the line k 1 = k 2 . The stability plot near θ 2E is similar to those for a geocentric satellite. Regions III represent bodies with J zz > J yy > J xx . In the Debra-Delp-like region IV, J yy > J xx > J zz is necessary but not sufficient. As the stable regions on the stability plot are different depending on whether the rigid body is at the first or second equilibrium position, a satellite designed to be gravity gradient stable around one equilibrium might not be stable at if it is rotated to the other equilibrium. This can be a concern if attitude control is lost and external perturbations nudge the satellite from one equilibrium configuration to another.
VI: Conclusion
In this paper, the attitude dynamics of a rigid satellite located at or in the vicinity of a Lagrangian point is investigated. At the collinear points, it is found that the natural frequencies of the attitude motions are functions of the inertia ratio of the satellite, along with the mass ratio of the primary bodies and the location of the Lagrangian point. The stability characteristics of the satellite are similar to those for a geocentric satellite. Lagrangian point satellites are usually placed in periodic orbits around the chosen Lagrangian point, and attitude motions of the satellite while it is in such an orbit are studied. The pitch, roll, and yaw oscillations are stable while a Lyapunov orbit is employed, while yaw instability is encountered for larger halo orbits. This instability can be compensated by changing the shape of the satellite. Resonant attitude motion can occur if the satellite has k 1 , k 2 , and k 3 such that the natural frequencies of attitude motions and the natural frequency of the Lyapunov orbit satisfy certain conditions. At the triangular points, two equilibrium pitch angle is found for a particular mass ratio of the primary bodies Linearizing the Euler's equations about the two equilibrium configurations, it is found that the natural frequencies and the stability of the attitude motions are different at each stationary point. The stable regions on the linear stability plot are different for each equilibrium position, such that a spacecraft designed to be stable at one stationary configuration are unstable at the other equilibrium configuration.
External perturbation forces such as solar radiation pressure, attitude control of the rigid body and the question of how structural flexibility affects a satellite's attitude motions are not considered in this paper. Some future steps could involve answering those questions and devising novel attitude control devices for use at the Lagrangian points. 
